The depolarization factor L should be taken along the electric field direction.
Supp. Info. 2. Multipoles of spherical particles, including retardation correction

S2
For illustrative purposes, let us consider the resonant denominators of the multipole expansion (14) , including the retardation corrections up to the first meaningful order, for a sphere with the vacuum Mie parameter 1 q ka = , a1 being sphere radius. They are obtained from the Taylor expansion of the classical Mie formulas [1] [2] [3] into the size parameter q. We choose the form of denominator most convenient for the studies of the near-threshold behavior (hence proportionality sign instead of equality). Subscript 1 refers to the sphere, 2 to the ambient medium. Let us review the origin of the radiative losses for the dipolar mode. We omit dimensionless factors related to shape and ε everywhere. The energy W of the oscillating dipole d can be estimated from its volume V, associated field E and polarization P as:
The radiated power I is [4] : 
S3
Thus, dimensionless radiative corrections to all physical quantities should be of the order of 3 3 k V q . This is indeed the case in the expression (S.3) for the dipolar mode with l=1. Formulas similar to (S.3) can be found in the literature. In [5, 6] , Appendix A of Ref. [7] , and chapter 5 of ref. [8] , different approximations are discussed, although apart from Ref. [6] , for the dipolar mode only. As we are interested in the threshold, we Taylor-expand the denominator only, while for the studies of cross-sections far from the threshold one has to expand the numerator of the Mie coefficients as well. The last term in (S.7), which results in (S.8) below, agrees with the effective multipolar polarizability correction from Ref. [9] .
For real dielectric functions the particle acquires an effective imaginary part of ε1 due to (multipole) radiation:
Supp. Info. 3. Optimal threshold conditions for Drude metal
Let us consider a Drude metal with the dielectric function
The gain material shall be characterized by the constant dielectric function
For a given shape factor N, we can resolve the general conditions (11) and find the generation frequency and gain:
The second approximations refer to the case of weak damping, 12) and minimize it with respect to ω. The origin of the minimum can be understood as a tradeoff between the two factors: in the UV the metal is not metallic enough, while in the IR the losses become too high. This yields a set of optimal parameters:
For brevity, we introduced a dimensionless parameter w characterizing the quality of plasma oscillations. Its value is usually high, and the last approximations in (S. 13) 
Supp. Info. 4. Generation frequency and threshold for a Lorentzian gain of finite width
In this section, gain material shall be characterized by a Lorentzian of finite FWHM L γ :
With these notations 0 (11) remain valid, and can be written in the form:
Similarly to (11) , for a given shape factor N, the 1 st of these conditions defines the generation frequency, and the 2 nd defines the threshold gain L ε . In general, these equations can be resolved only numerically, as , , With detuning between the emission line L ω and plasmon resonance res ω , the 1 st of the conditions (S.17) is similar to that for the laser generation frequency ω, which occurs between the mode of the "cold" (gain-less) resonator and gain emission line [13, 14] :
Here Q are the corresponding quality factors. 
Within resonant approximation give here the optimal conditions similar to (S.13), if the absorber (index A) has a Lorentzian line profile instead of a Drude dispersion. In the resonant approximation, this profile can be described by
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Here εL defines the strength of a Lorentzian and is equal to its contribution to the imaginary part at the line center, ( ) 
These are threshold expressions for an arbitrary shape factor N. (towards the center of the absorbing line). This leads to the competition between the decreasing shape factor N and increasing absorption and the emergence of the optimal condition in a similar way as discussed for the metals in the main text.
S10
As an example, let us consider SiC, which has a very strong absorption line near λ=12.6 µm, 
Supp. Info. 6. Quasi-static core-shell multipoles
Here we consider quasi-static multipolar denominators of spherical core-shell structures. Our geometry is shown in the inset in Fig. 3 Here we introduced the notations: 
In this case, the multipolar shape parameters N ± in Eqns. (S.27)-(S.28) up to the leading order in 2 1 / h a become:
The first of these expressions is large, and the second is small; for 1 ε or 3 ε . For example, assuming that the gain material is in the core only (the situation discussed in [15] and studied in detail for 1 l = in Ref. [22] ), we can write:
In thin shell approximation, this results in:
For vanishing shell 2 0 h → one recovers the equations (7) and (8) for the sphere 1 in the ambient material 3. If the ambient material is transparent, . 3 0 ε ′′ = ., one can easily separate the real and imaginary parts here. In the lowest orders in 2 1 / h a this results in:
The imaginary part of the gain material 1 ε becomes small for thin shells with 2 1 h a << , and we can expect low thresholds for the asymmetric core-shell, similarly to the situation described by the expression (9) . However, the resonant wavelength is largely determined by the first term in the r.h.s. of the Eqn. (S.33), which implies that quasi-static "material resonances" might be absent altogether for the very thin core-shell in asymmetric background. ε , one obtains 2 roots (with notations from (S.32)):
When the gain shell is thick with respect to the core radius ( 0) f → , one recovers the resonances for the inner and outer spheres: This is not a very stringent requirement, with 2 1 / 2.14 h a ≈ in Ref. [23] , though their structure included a spacer and assumed inhomogeneous gain layer, which results in 5-materials system.
The threshold there is within ~10% from the one obtained using Eq. (S.35), the latter being ~5% higher than the 1 st estimate in (S.36). This confirms that 2-materials case usually provides a lower limit for the threshold in more complex multiple-materials structures.
We emphasize, that only the exact full, multi-shell Mie formulas with retardation were used in the Section 5 of the main text.
Supp. Info. 7. Threshold for the near-field plasmon between 2 spheroids
In many experimental and theoretical studies, pairs or several MNPs are used to tune or to strengthen plasmonic resonances [24, 25] . For the "bright, in phase" dipolar mode of metallic dimers, the field enhancement in the gap between the particles increases significantly, and the mode volume decreases. One might expect that this may decrease the spasing threshold if the gap is filled with a gain material. Here we illustrate that this is not the case, using simple example of identical spheroidal dipoles, aligned in z-direction along their common axis. The consideration is similar for other geometries. Due to interaction between such "dimer nanoantennas", the system can be characterized by the effective polarizability, see e.g., [26] , which self-consistently includes the action of dipoles onto each other. Effective polarizability includes the resonant denominator, accounting for double-scattering round trip of light S14 between the particles. In the near field, when both dipoles are separated by the distance R and point in the same z-direction from one to another (which is the most favorable case for threshold minimization), the denominator of the effective polarizability is The generation threshold in such a 2-particle system corresponds to a singularity in the effective polarizability, i.e., to a condition 12 0 D = . This implies:
Here we introduced additional geometrical factor V a c ∝ , or a decrease in inter-particle distance R, increase v and lead to a red shift of the "in-phase", "bright" mode considered here even for small non-retarded Rayleigh particles. A similar approach can be applied to other modes. For realistic particle sizes, one usually has to consider retardation to obtain quantitative results.
This argumentation remains valid for arbitrary near-field geometries. For far-field systems like conventional or random lasers, this does not hold. In such structures, arbitrarily low thresholds can be realized, utilizing amplification harvested from the large volumes of gain material, competing with the relatively small Ohmic losses on metallic mirrors or scatterers.
Supp. Info. 8. Equivalence to the threshold formulation via complex eigenvalue
Sometimes the generation threshold is defined as disappearance of the imaginary part of a complex eigenfrequency ω for the spasing mode [23] . This definition of threshold is equivalent to the condition Dl=0 in (14) , which is used here and in other works [27, 28] . This can be explained as follows.
With the incident field, the scattering problem is an inhomogeneous boundary-value problem.
Boundary conditions at the outer boundary of the structure result in a system of inhomogeneous linear equations for the fields on both sides of the boundary (for example for E and H, more accurately for the coefficients in the corresponding eigenfunction expansion).
Its solution is the ratio of two determinants. The numerator includes the column of "free terms" made of incident fields, while the denominator is made of the coefficient matrix of the
